OUTER AUTOMORPHISM GROUPS OF SOME 
ERGODIC EQUIVALENCE RELATIONS 

ALEX FURMAN 

Abstract. Let R a be countable ergodic equivalence relation of 
type III on a standard probability space {X,iJ,). The group Out R 
of outer automorphisms of R consists of all invertible Borel mea- 
sure preserving maps of the space which map R-classes to R-classes 
modulo those which preserve almost every R-class. We analyze the 
group Out R for relations R generated by actions of higher rank 
lattices, providing general conditions on finiteness and triviality 
of Out R and explicitly computing Out R for the standard actions. 
The method is based on Zimmer's superrigidity for measurable co- 
cycles, Ratner's theorem and Gromov's Measure Equivalence con- 
struction. 



1. Introduction and Statement of the Main Results 

Let {X, B) be a standard Borel space with a non-atomic probabil- 
ity Lebesgue measure and let R be a countable measurable relation of 
type III on {X,B,n), i.e. measurable, countable, ergodic and measure 
preserving equivalence relation R C X x X. For the abstract definition 
of this notion the reader is referred to the fundamental work of Feld- 
man and Moore [1], which in particular demonstrates that any such 
equivalence relation can be presented as the orbit relation 

Rx,r = {{x,y) ex X X \ r ■x = r -y} 

of an ergodic, measure preserving action of some countable group F 
on the space {X,B,fi). In most of the examples in this paper equiv- 
alence relations are defined by ergodic measure-preserving actions of 
concrete countable groups F, namely irreducible lattices in semi-simple 
connected higher rank real Lie groups. 

In the purely measure-theoretical context of this paper all objects are 
considered modulo sets of zero /i-measure, denoted (mod 0). Following 
this convention the measure space automorphism group Aut(X, /i) is 
the group of all invertible Borel maps T : X ^ X with T^,fi = /i, where 
two such maps which agree on a set of full /i-measure are identified. In 
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a similar fashion two equivalence relations R, R' on (X, /x) are identified 
if there exists a subset X' Q X with iJi{X') = 1 on which the restrictions 
of R and R' coincide. 

Given an equivalence relation R on (X, /x) consider the group of re- 
lation automorphisms 

Aut R = {T G Aut(X, /i) I T X T(R) = R} 

and the subgroup Inn R of inner automorphisms, also known as the 
full group of R, consisting of such T e Aut(X, /x) that {x,Tx) e R for 
//-a.e. X e X. The full group Inn R is normal in Aut R and the outer 
automorphism group Out R is defined as the quotient 

1 — ^Inn R — ^Aut R-^Out R — ^1 

Elements of Out R represent measurable ways to permute R-classes on 
{X,fi). The full group Inn R is always very large (see Lemma 2.1). 
For the unique amenable equivalence relation Ra^ of type IIi the outer 
automorphism group Out Ram is also enormous. The purpose of this 
paper is to analyze Out Rx,r for orbit relations Rx,r generated by m.p. 
ergodic actions of higher rank lattices, in particular presenting many 
natural examples of relations R with trivial Out R. Such examples were 
first constructed by S. Gefter in [6], [7] (Thm 1.5 below). 

Prior to stating the results let us define two special subgroups in 
Out R, in the case where R is the orbit relation Rx,r generated by some 
measure-preserving action (X, fi, T) of some countable group F. In such 
a situation consider the group Aut(X, F) of action automorphisms of 
the system (X, fi, F) 

Aut(X, F) := {T G Aut(X, /x) | T(7 ■ x) = 7 • T{x), V7 G F}. 

This is the centralizer of F in Aut (X, jj.) . For a group automorphism 
T e Aut F define 

Aut^(X, F) := {T e Aut(X, /x) | T(7 ■ x) = 7" ■ T{x)} 

and let Aut*(X, F) be the union of Aut^(X, F) over r G Aut F. (If the 
F-action is faithful Aut*(X, F) is the normalizer of F in Aut(X, //)). 

Wc shall denote by A(X, F) and A*(X, F) the images of the groups 
Aut(X, F) and Aut*(X, F) under the factor map Aut Rx,r— -^Out Rx,r- 
Observe that the e-image in Out Rx,r of the coset Aut'^(X, F) depends 
only on the outer class [r] G Out F and therefore can be denoted by 
AM(X,F). The group A(X, F) is normal in A*(X, F) and the factor 
group A*(X, F)/A(X, F) is (a factor of) a subgroup of Out F. In general, 
the subgroups A(X, F) C A*(X, F) of Out Rx,r depend on the specific 
presentation of the relation R as the orbit relation Rxr of an action 
(X,//,F). 
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In this paper we are mostly interested in ergodic m.p. actions of 
higher rank lattices and will be using the following terminology and 
notations: 

• For locally compact, secondly countable group G a left-invariant 
Haar measure will be denoted by uig- If F C G is a discrete 
group so that G/T carries a finite G- invariant measure we say 
that F forms a lattice in G and will denote by ma/v the unique 
G-invariant probability measure on G/V. 

• The term semi-simple Lie group will mean semi-simple, con- 
nected, center-free, real Lie group G = Y\Gi without non-trivial 
compact factors, unless stated otherwise. A lattice F in a semi- 
simple Lie group G — Y\Gi is irreducible if F does not contain 
a finite index subgroup F' which splits as a direct product of 
lattices in subfactors. By higher rank lattice hereafter we shall 
mean an irreducible lattice in a semi-simple Lie group G with 
rkR(G) > 2. 

• A measure-preserving action (X, F) of a lattice F in a semi- 
simple Lie group G = Y\Gi is irreducible if the action of every 
simple factor Gi in the induced G- action on (G XpX, niG/v x /w) 
is ergodic. Clearly, if G is simple then any lattice F C G is 
irreducible and any ergodic F-action is irreducible. 

• For an arbitrary group F a m.p. action (Xo,/io,r) is a (F- 
equivariant) quotient of another m.p. action (X, F) if there 
exists a measurable map tt : X — > Xq with vr^/i, = /xq and 
7r(7 ■ x) = 7 ■ Ti{x) for /i-a.e. x e X and all 7 e F. 

• A measure-preserving action (X, ji, F) of an arbitrary group F 
is called aperiodic if every finite atomic quotient of (X, yU, F) is 
trivial; equivalently if every finite index subgroup F' C F acts 
ergodically on (X,//,). 

Remarks. (a) Every mixing ergodic action (X, /i, F) of an irre- 
ducible lattice F in a semi-simple Lie group G is irreducible 
and aperiodic. 

(b) By the result of Stuck and Zimmer [14] any ergodic non-atomic 
m.p. action of an irreducible lattice F in a semi-simple Lie 
group G with property (T) is free (mod 0). Recall that a higher 
rank semi-simple G has property (T) iff it does not have simple 
factors locally isomorphic to SO(n, 1) or SU(n, 1). 

(c) For any free, ergodic action (X, F) of an irreducible lattice F 
in a semi-simple Lie group G the map 

Aut(X, F)^A(X, F) 
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is an isomorphism and the homomorphism 

A*(x,r)/A(x,r) — >Outr 

is an embedding (Lemma 2.3 below), 
(d) It follows from the Strong Rigidity (Mostow, Prasad, Margulis) 
that for an irreducible lattice T (Z G SL2(R) the automor- 
phism group Autr is isomorphic to the normalizer A^AutG(r) 
of r in AutG D AdG ^ G. Since := 7VAutG(r) D T is a 
closed subgroup properly contained in Aut G, it forms a lattice 
in Aut G, and Out F = r*/r is always finite. 

Thus for an irreducible aperiodic free m.p. action of a higher rank 

lattice r the analysis of Out Rx,r reduces to the analysis of the quotient 
Out Rx,r/A*(X, r) and the subgroup A*(X, F) which, up to at most 
finite index, is isomorphic to Aut(X, F). 

Theorem 1.1. Let G be a semi- simple, connected, center-free, real Lie 
group without non-trivial compact factors and with rkR(G) > 2. Let 
r (Z G be an irreducible lattice and {X, F) be a measure preserving, 
ergodic, irreducible, aperiodic, essentially free T-action. Assume that 
(X, fi, F) does not admit measurable T-equivariant quotients of the form 
(G/F', mc/r', F) where T' (Z G is a lattice isomorphic to F and F acts 
by 7 : gV i— > 75'F'. Then 

Out Rx,r = A*(A:, F) 
while A*(X,F) = Aut(X,F)/F. 
More generally 

Theorem 1.2. Let V d G be a higher rank lattice as in Theorem 1.1 
and (X, /X, F) be any measure preserving, ergodic, irreducible, aperi- 
odic, essentially free V-action. If OA*{X,r) has finite index n > 1 in 
Out Rx,r then {X, /i, F) has an equivariant measurable quotient 

n— 1 

TT : (X,/x)^(G"-VF"-\mGn-i/rn-i) = n(G/r,mG/r) 

1=1 

where the V-action on (G"'^^/F'*~^, mGn-i/r"-i) is given by 

7 : {x.)ll^ ^ (7- ■ x.:)^^ 

for some fixed automorphisms Ti G Aut G, 1 < i < n. 

If A*{X,r)] has infinite index in Out Rx,r then (X, //,F) has an in- 
finite product equivariant quotient space 

00 

TT : (X,/x)^J](G/F,mG/r) 

i=l 
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with a diagonal V-action on 7 : {xi)°^i ^ for some fixed 

sequence Ti e Aut G, i — 1,2, . . . . 

Of course, Theorem 1.1 is just a particular case of 1.2 (contrapositive 
formulation for n = 1) since a r-twisted F-action 7 : g^F 1— > 7^g'F 
on {G/T,mG/r) is measurably isomorphic to the untwisted F-action 
7 : gV 1-^ 75'r' where F' = r~-^(F). 

For a.n d X d matrix A let x(A) := ^jlog'*' |Aj(/l)|, where log"*" a; = 
max{0,loga;} and Xi{A) denote the eigenvalues of A. Given a semi- 
simple group G and 0? G N consider all linear representations p : G ^ 
GLci(C) (there are finitely many equivalence classes for any d) and let 

Waid) := max inf 

dimp=dgeG x(Ad(^)) 

Corollary 1.3. Let T G G and (X, yU, F) he as in Theorem 1.2. De- 
note by /i(X, 7) the Kolmogorov-Sinai entropy of the single measure- 
preserving transformation 7 of {X, /i) . Then 

[OutR,,:A.(X.r)l<l + inf-^ (1.1) 

If X is a compact manifold with a C^-action of a higher rank lattice 
V <Z G which preserves a probability measure /i on X so that {X, /i, F) 
is a free (mod 0) action which is ergodic, irreducible and aperiodic, then 

[Out Rx,r : A*(X, F)] < 1 + WG{^i-m{X)) (1.2) 
The function Wq satisfies Wcid) < d'^/8. 

Remark. Theorem 1.9 below shows that the inequality (1.1) is sharp. 
However the estimate (1.2) is probably not optimal, with a more plau- 
sible one being 1 -|- dim{X)/ dim Lie(G). 

Remark. As we shall see below, groups Out Rx,r and A(X, F) can be 
very large when considered as abstract groups, but in all cases below 
the quotient Out Rx,r/A*(X, F) is either finite or countable. This might 
be a general property of actions of higher rank lattices. In fact, this 
property is known for essentially free ergodic actions {X, F) of groups F 
with Kazhdan's property (T). For such groups (and in a slightly more 
general situation) Gefter and Golodets introduced a natural topology 
on Out Rxs with respect to which Out Rx,r is a Polish (i.e. complete 
separable) group and A{X, F) is an open subgroup (see [8] Thm 2.3 
and references throughout section 2). 

In specific cases, in particular in the standard examples of algebraic 
lattice actions, it is possible to compute the groups Out Rx r explicitly 
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as we shall do in Theorems 1.4 - 1.9 below. In Theorems 1.4 - 1.8 the 
systems {X, T) do not have G/F' as measurable quotients and therefore 
by Theorem 1.1 we have Out Rx,r = A*(X,r) = Aut*(Xr)/r. The 
latter groups are of algebraic nature, but their explicit descriptions are 
cumbersome. Thus for readers convenience we have also presented the 
groups Aut(X, r), which have a more transparent appearance and have 
at most finite (< |Outr|) index in k*{X,V). 

Theorem 1.4. Let G he a simple, connected real Lie group with finite 

center and ik-^iG) > 2 and p : G ^ SLjv(R) he an emhedding such 
that p{G) does not have non-trivial fixed vectors and assume that G has 
a lattice F C G such that p{T) C SLAr(Z). Then the natural T -action 
on the torus — R-^/Z^ is ergodic, aperiodic and the orhit relation 
Rx^v r satisfies 

OutRT^,r = A*(T^,r) ^ 7VGL,(z)(p(r))/p(r) 
A(T^,r) ^ Aut(T^,r) ^ CGL.(R)(p(G))nGL^(Z) 

In particular, for n > 2 the SL„(Z) -ac^zon on gives an ergodic 
relation Rt".sl„(z) which has no outer automorphisms if n is even, and 
a single outer automorphism given hy x ^ —x if n is odd. 

Note that in the above Theorem we allowed finite non-trivial centers 
to accommodate the standard example of F = SLji(Z) acting on the 
torus T" for even n > 2. 

To state the following results we recall the notion of affine transfor- 
mations of a homogeneous space (these are needed only for the precise 
description of Out Rx,r)) however the spirit of the results is captured by 
the finite index subgroup A(X, V) which does not require this notion. 

Definition. Let A be a subgroup of a group i7, and let A^ := C\h&H h~^Ah 
denote the maximal subgroup of A which is normal in H. Given an 
automorphism a of H/N with a{A/N) ^ A/N and t e H/N denote by 
a^^t the map 

flcr,* : hA 1-^ ta{h)A 
of HjA. Such maps will be called affine., and we shall denote by 
Aff(i//A) the group of all affine maps of H/ A. 

Replacing H by H/N and A by A/N one does not change the ho- 
mogeneous space: H/A = (H/N) /{A/N). Thus hereafter we shall 
assume that N is trivial. Under this assumption the map {a, t) i— > Oo-,* 
defines an epimorphism A^Aut_ff(A) >< H — >AS{H/A) (which contains 
{(Ad A, A) I A G A} in its kernel) and which maps H = {Id} x H iso- 
morphically onto its image in AS{H/A). This copy of H in Aff(if/A) 
has index bounded by |Outif|. 
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We shall be interested in situations where some group (a higher rank 
lattice) r is embedded m H, p -.V ^ H, and acts on the homogeneous 
space H/K by left translations. Then the normalizer -/VAfr(/f/A)(p(r)) 
in Aff(/J/A) of this action consists of those affine maps a^^t for which 
a G Aut H and t & H satisfy 

a(A) = A and (t{p{T)) = rV(r)t. 

In any case this group contains A^ij(p(r)) as a subgroup of an index 
bounded by |Outif|. 

Theorem 1.5 (cf. Gcftcr [7]). Let T be a higher rank lattice which 
admits a dense embedding p : V ^ K into a compact connected Lie 
group K. Then for every closed subgroup {e} C. L <Z K the V -action on 
{K / L^rriK/L) is ergodic, irreducible and aperiodic and the orbit relation 
Rk/l,t satisfies 

OvitR(^K/L,r) = A*{K/L,T) - Nj^siK/iMr))/ p{r) 
k{K/L,V) ^ Aut(ii'/L,r) = Nk{L)/L 

In particular, if the compact group K has no outer automorphisms 
which normalize L orifV has no outer automorphisms, then 

Out Rk/l,t = Nk{L)/L. 

Remark. Theorem 1.5 was proved by S. Gcftcr in [7], where he con- 
structed the first and only example of type lli equivalence relations 
without outer automorphisms. Indeed, by a well known arithmetic 
construction (cf. [17] 5.2.12) certain lattices T <Z G :— SO{p,q) ad- 
mit dense embeddings into the compact group K := SO(n) where 
n = p + q. Take p > g > 2 to ensure rkR(G') > 2 and let L = SO(n — 1) 
be the stabilizer of a point in the in = SO(n) action on the sphere 
S'^~^. Then Nk{L) — L and since SO(n) has no outer automorphisms, 
AS{K/L) = Nk{L), which shows that Out R(^k/l,t) is trivial. 

In Theorem 1.5 the compact group K is taken to be a connected Lie 
group to guarantee apcriodicity of the action. Higher rank lattices can 
also be densely embedded in other compact groups, namely profinite 
ones. Such embeddings give rise to ergodic actions which strongly vio- 
late aperiodicity condition - they are inverse limits of finite quotients. 
A typical example is the standard embedding 

r := PSL„(Z)^X := PSL„(Zp). 

It was observed by Gefter ([7] Rem 2.8) that in this case Out R^.r 
contains a group isomorphic to PSL„(Qp), in such a way that 

A(X, V)^K^ PSL„(Zp) c PSL„(Qp) C Out R^.r 
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SO that A(i^, r) has infinite index in Out RK,r- We claim that the last 
inclusion is essentially an equality. More generally 

Theorem 1.6. Consider the natural dense embedding ofV — PSL„(Z), 

n > 3, in the profinite group K — J^^^^^ PSL„(Zp.) where {pi, . . . 

is a finite set of distinct primes. Then Out Rk,v is a Z/2 eoctension of 

r 

1=1 

with the transpose map {ki, . . . ,kr) i— > {k\, . . . , A;*) of K giving rise to 
the Z/2 extension. 

Another family of standard examples is described by the following 

Theorem 1.7. Let T <Z G he a higher rank lattice as in Theorem 1.1, 
H he a connected Lie group, A G H he a closed suhgroup so that H/A 

carries an H -invariant probability measure rriH/A, one? assume that H 
does not admit surjective homomorphisms a : H ^ G with o'(A) C T. 
Suppose that there exists a homomorphism p : G ^ H such that each 
of the simple factors Gi of G acts ergodically on {H/ AjTHh/a)- Then 
for the V -action on {H/ AjTHh/a) one has 

OutR(H/A,r) = A*{H/A,T) = NAs(H/AMT))/p{r) 

A{H/A,r) ^ Aut(i//A,r) ^ CAff(jf/A)(p(r)) 

Corollciry 1.8. Let V d G he a higher rank lattice as in Theorem 1.1, 
H be a connected semi-simple Lie group with trivial center, p : G H 
be an embedding and let A G H be an irreducible lattice. Assume that 
either p is a proper embedding, i.e. G qk H , or that p : G ^ H is an 
isomorphism hut A is not abstractly isomorphic to a suhgroup of finite 
index in T. Then the T-action on {H/A,mH/A) by left translations is 
ergodic, irreducible and aperiodic and the orbit relation RH/A,r has 

Out R(H/A,r) = A*{H/A,r) = N^siH/AMr))/p{T) 

This group contains the centralizer C h{p{G)) as a normal subgroup of 
finite index dividing |OutA| ■ |Outr|. 

Remark. Corollary 1.8 also allows to construct ergodic equivalence 
relations without outer automorphisms. Indeed if a simple Lie group 
G 9^ SL2(R) has no outer automorphisms, then maximal lattices F 
in G have trivial Out F as well. Choosing two non-commensurable 
maximal lattices F, A in such a G one obtains an equivalence relation 
RG/A,r without outer automorphisms. Similarly, one can find proper 
embeddings G <Z H where G and H are simple higher rank Lie groups 
with Out G, Out H, Gh{G) all being trivial. Then for any choice of 
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maximal lattices T G G, A G H, the F-action on H/A gives RH/A,r 
without outer automorphisms. 

All the examples discussed so far had the property that the original 
system {X, /i, F) did not admit measurable F-equivariant quotients of 
the form (G/F', mc/r', F); and therefore Theorem 1.1 allowed to con- 
clude that Out Rx,r = A*(X, F) = Aut*(X, F)/F. The following result 
analyzes what happens if this assumption is not satisfied. 

Theorem 1.9. Let T G G be a higher rank lattice as in Theorem 1.1 
and let T-act on {G /V ^rric/v) by i^ft translations. Then for the corre- 
sponding orbit relation Rc/r.r 

[OutRG/r,r : A*(G'/F, F)] = 2 

A(G/F,F) ^ Aut(G'/F,F) = {1} 

A*(G'/F,F) ^ OutF 

OutR(G/r,r) = (Z/2Z)xOutF 

More generally, for any n e N the diagonal left F-action on the product 
space (G^/F", mcn/p") satisfies 

[OutR(Gvr",r) : A*(G7F-,F)] = n + 1 

A(G'^/F",F) ^ Aut(G"/F",F) ^ Sn 

A*(G'^/F",F) ^ 5„x0utF 

Out R(G'n/r",r) — 5'n+ixOutF 

where Sn denotes the permutation group on {1, . . . ,n}. 

For the diagonal F-action on the infinite product {X, /i) = {G/F, mc/r)'^, 
the index [Out R(x,r) : A*(X, F)] is infinite countable 

A{X,F) ^ Aut(A:,F) ^ 
A*{X,F) ^ -S^xOutF 
OutR(x,r) = ,5oo+ixOutF 

where S^o denotes the full permutation group on Z, and Sao+i the per- 
mutation group of ZU {pt} to suggest that the embedding A*(X, F) C 
Out Rx,r corresponds to the natural embedding Soo G Soo+i direct prod- 
uct with Out F. 

Let R be an ergodic Ili-relation on a probability space {X, /i) , and 
E G X he a measurable subset with fJ,{E) > 0. The restriction R^ := 
R n (i? X i?) of R to is a lli-crgodic relation with respect to the 
normalized measure '■= ^^{E)^^ ■ ^\e- Since Inn R acts transitively on 
subsets of the same size (Lemma 2.1) for any F G X with = ii{E) 
the relation Rp on (F, iip) is isomorphic to Re on (ii^, he)- Hence given 
a Ill-relation R, for every < i < 1 there is a well defined, up to 
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isomorphism, ergodic Ili-relation Rj obtained from R by restriction to 
a subset of measure t. (Realizing {X, n) as the unit interval [0, 1] one 
may think of Rt as the restriction of R to the sub-interval [0,t]). 

If R has an additional property that Rt ^ Rg for all < t 7^ s < 1, 
one says that R has a trivial fundamental group. Gefter and Golodec 
[8] proved that orbit relations R = Rx,r generated by free, ergodic, 
irreducible m.p. actions of higher rank lattices F always have trivial 
fundamental groups. (Recent work [5] of Gaboriau gives other classes 
of such relations) . 

Regardless whether the fundamental group of R is trivial or not, all 
restricted relations R^ obtained from a given ergodic Ili-relation R have 
the same outer automorphism group: Out Rt = Out R (see Lemma 2.2). 
Hence 

Theorem 1.10. Let T G G and (X, /i,r) be as in Theorem 1.2. For 
< t < 1 let Rf denote the (isomorphism class of) equivalence relation 
obtained from R :— Rx,r by a restriction to a subset Et <Z X of mea- 
sure ii{Et) = t. Then {Rt}o<t<i is a family of mutually non-isomorphic 
ergodic equivalence relations of type lli with the same outer automor- 
phism group Out R^ = Out Rx,r- In particular, there exist uncountably 
many mutually non-isomorphic ergodic relations with trivial outer au- 
tomorphism groups. 

Remarks. (a) In [3] Thm D (l)-(2) it is shown that for an ergodic 
action (X, ji, T) of a lattice F in a simple higher rank Lie group 
G, there is a countable set Mx,t C R so that for t G (0, l)\Mx,r 
the relation R^ cannot be generated by a free (mod 0) action 
of any group. Therefore Theorem 1.10 provides a variety of 
examples of such exotic relations without outer automorphisms, 
(b) In a recent work [11] Monod and Shalom develop a new type of 
"higher rank" superrigidity theorems for products of hyperbolic- 
like groups. Using this new tool and the methods of the cur- 
rent paper Monod and Shalom construct uncountably many non 
weakly equivalent relations R of type IIi with trivial Out R (see 
[11] Thm 1.12). 

Organization of the paper. Section 2 contains some general facts 
about Ill-relations. In section 3 we discuss the Measure Equivalence 
point of view which provides a convenient framework for the study of 
Out Rx,r/A*(X, r). Special features of higher rank lattices, especially 
superrigidity for cocycles, are used in section 4 in a construction of 
F-equivariant standard quotients vr : (X, /x) — >• (G/F,mG/r) associated 
to every [T] e Out Rx,r \ A*(X, F), which provide the proof of Theo- 
rem 1.1. In section 5 we recall some ergodic-theoretic applications of 
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Ratner's theorem for actions on homogeneous spaces. These results are 
used in section 6 to assemble the standard quotients for the proof of 
Theorem 1.2, and in sections 7 and 8 to compute the outer automor- 
phism groups for the standard examples. Section 9 contains the proof 
of Theorem 1.6. 

2. Generalities 

Let R be an ergodic IIi relation on a non-atomic probability space 
(X, ^). For readers convenience we include the proof of the following 
standard fact 

Lemma 2.1. For every measurable E,F C X with fJ>{E) — fJ,{F) > 
there exists T e Inn R so that ii{TEAF) = 0. 

Proof. By [1] Thm 1, there exists an action (X, yU, F) of some count- 
able group F so that R = Rx,r- Such an action is necessarily measure- 
preserving and ergodic. For any measurable subsets A,B <Z X let 
c{A, B) :— sup^ A*(7^ H B). Ergodicity imphes that c{A, B) > when- 
ever n{A) > and IJ>{B) > 0. Let Eq := E, Fq := F and define by 
induction on n > 1 measurable sets En, F^ Q X and elements 7„ e F 
as follows: given En, Fn choose 7„ so that 

fl{-fnEnnFn) > c(^„, F„)/2 

and let En+i := En \ %^Fn, Fn+i := Fn \ JnEn- Set E^o := n^„, 
-^oo '■— nF„. We have /i(-E'oo) = Ai(-P'oo) because n{En) = IJ'{Fn) for all 
finite n. In fact /i.(£^oo) = Ai(-^oo) ~ 0. Indeed, otherwise one would 
have c{En, Fn) > c :— c{Eoo, -Foo) > for all n, contrary to the choice 
of 7„ at the stage where fi{En \ En+i) < c/2. Hence E'n := i?„ \ En+i 
and Fn := -F„ \ Fn+i constitute measurable partitions of E and F re- 
spectively. Defining T{x) to be 7„ ■ a; if a; G E'^ and T{x) = x ioi x ^ E, 
we get the desired T e Inn R. □ 

Given an ergodic Ili-rclation R on (X, /x), and a positive measure 
subset £■ C X we denote by R^: the restricted relation R fl (£■ x £■) on 
{E, He), where he = /^{E)"^ ■ h\e. 

Lemma 2.2. For a measurable set E C X with 1^{E) > 

Out Re = Out R. 

Proof. First observe that any T e Aut Re can be extended to a T G 
Aut R. To see this choose some measurable partition X — E U Xi U 
■ ■ ■ Xn so that < /i(Xj) < Ijl{E); and choose measurable subsets Ei C 
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E with ii{Ei) = ii{Xi). By Lemma 2.1 there exist Si,Ri G Inn R so that 
= Ei and_Ri{Xi) = T(£;i). Define f by T(x) = Rr^ oTo Si{x) 
for X e and T{x) = T(a;) for a; G to get a desired T G Aut R. 

This extension procedure is well defined on the level of outer classes. 
In other words if T, 5* G Aut R are some extensions of some T, 5* G 
Aut Re, then [T] = [S] G Out R^ iff [f ] = [S] G Out R. Indeed for 
//-a.e. X E X choose y E E so that x ~ y and observe that 

f{x) ~ f{y) = and S{y) = ^(y) ~ S{x) 

Hence r(x) ~ ^(x) for /x-a.e. x G X iff ~ S{y) for //g-a.e. y G -B. 

Thus there is a well defined injective map Out Re' ^ Out R, which is 
easily seen to be a homomorphism of groups. To verify its surjectivity, 
note that given any T G Aut R there is an S* G Inn R with S{T[E)) = E. 
Thus f':^Sof maps E to itself, and [f ] = [f '] G Out R appears as 
an extension of [T'\e\ G Out R^. □ 

For the rest of the section we consider a free (mod 0) ergodic m.p. 
action (X, ji, V) of some countable group F, denoting by Rx,r the cor- 
responding orbit relation. 

Lemma 2.3 (Gefter [7] Lemmas 2.6, 3.2). Let (X, /x,F) he a free m.p. 
ergodic action of a countable group F. 

(a) IfV has Infinite Conjugacy Classes then Aut {X,r)-^A{X,r) 
is an isomorphism. 

(b) // F has the property that any r G Aut F with Y = j on a finite 
index subgroup 7 G Fq C F has to be the identity, then 

Ker(Aut*(X, F)-^A*(A:, F)) = {x ^ 7 ■ xj^^r = T 

In particular, the conclusions of (a) and (b) hold for any free ergodic 
action {X, /i, F) of an irreducible lattice F in a semi-simple Lie group 
G'9^SL2(R). 

Proof, (a) Any T G Aut{X, F) fl Inn Rx,t has the form T : a; ^ ■ x 
for some measurable x 1— > G F and satisfies T{j-x) — j-T{x). Hence 

7Cx • a; = 7 • T{x) = r(7 • x) = ^^.^ 7 • x 

which gives x = "yCxl~'^ because the action is assumed to be free 
(mod 0). Thus the distribution ^^,fl of on F is conjugation invariant, 
and therefore is uniform on finite conjugacy classes of F, i.e. supported 
on e. Hence T{x) = x and Ker(Aut(X, F)^A(X, F)) is trivial, 
(b) Any T G Aut^(A:, F) n Inn Rx,r satisfies 

T(x) ^^,-x, r(7 ■x)^Y- T(x) 
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which gives ^^.x = Y Cxl^^- For ^ E T let := {x E X \ = O- 
Then 7^;^ = E^r^^-i. Observe that for ^ ^' e T one has ix{E^r\E^>) = 
because the action is free (mod 0). Hence choosing ^0 ^ T with 
li{E(^^^ > we have 7'^.Co7~"'^ = (equivalently ^(^"'^T'^'Co = 7) foi' all 7 
in a finite index subgroup Fq C F. It follows from the assumption that 
7"^ = ^07^(7^ all 7 e F, so that T : x ^ ■ x. 

Finally, for an irreducible lattice F C G 9^ SL2(R) the ICC is a stan- 
dard fact (easy for the group G itself and follows for F using Borel's 
density theorem), while the condition for (b) follows from the Strong 
Rigidity Theorem. □ 

Given T e Aut R^^r define a measurable map q;t : F x X ^ F by 

T{^-x)^aT{l,x)-T{x) (2.1) 

Note that ax(7,a;) is well defined (mod 0) due to the freeness assump- 
tion on the action. Furthermore, one easily verifies the cocycle property 

«t(727i, = aT(72, 7i • x) aT(7i, x) 
for all 7i,72 G F and //-a.e. x E X. The cocycle 0:7- : F x X ^ F 
will be called the rearrangement cocycle associated to T e Aut Rx,r- 
Rearrangement cocycles (as opposed to general ones) have the following 
special property: for ^-a.e. x E X the correspondence 7 e F 1— > 
Q;r(7,a;) G F is a permutation of F elements. 

Two (general) cocycles «, : F x X — ^ F are said to be cohomologous 
in F if there exists a measurable map a; 1— G F, such that 

a(7,a:) = /5(7, a;) 

for all 7 G F and /x-a.e. x E X. We denote by [a]r the equivalence 
class of all measurable cocycles cohomologous (in F) to a. Note the very 
special cocycle ci : F x X — > F given by 01(7, x) — 7, and for a general 
T G Aut F let : F X X — > F stand for the cocycle 0^(7, x) — Y- 

Proposition 2.4. Let T,S & Aut Rx,r be relation automorphisms, 

[T], [S] G Out Rx.r the corresponding classes, and ot, as : F x X — > F 
denote the associated rearrangement cocycles. Then 

(a) aTos{l,x) = ariasij.x), S{x)). 

(b) ar = ci ^ T G Aut(X, F). 

(c) ar^Cr 44> T G Aut^(X, F). 

(d) Mr = K]r ^ [T] gAM(^,F). 

Proof. For T,S e Aut Rx,r compute 

T o 5(7 . x) = T{as{^, x) ■ S{x)) = ariasi^, x), S{x)) ■ T{S{x)) 
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This proves (a). Statements (b) and (c) follow from the definitions. 

Proof of (d). Any [T] e AM(X, T) can be represented by T = A o J 
where A G Aut'^(X, F) and J G Inn Rp is given by J : x i— > ■ x. 
Then for all 7 G F and /i-a.e. a; G X 

where = HxY £ T. Hence 

aT{l,x)^q'xYCx (2.2) 

and [arjr = [cr]r- 

On the other hand, assuming that the rearrangement cocyclc aj- 
associated with T G Aut Rp satisfies (2.2) for some r G AutF and 
a measurable x ^ C,x ^ , set .^j^ = (Cx)^ and consider the map 
A:X^X, defined by A(x) := Cx- ■ T{x). We have 

A(7-x) = C7--T(7.x) = CrxC47"C.-T(x) 
= 7^-(a-T(x))=7^-A(x) 

The pushforward measure A^ii is absolutely continuous with respect to 
ji (recall that F is countable) and F-invariant. Ergodicity of the action 
implies that A^jj, = /x, so that A is invertible. Thus A G Aut'^(X, F), 
while the map J := A~^ o T is a measure space automorphism. Since 

• J{x) = • A-\T{x)) = A-\Cx ■ T{x)) = X 
the map J{x) — • x is an inner automorphism. □ 



3. Measure Equivalence point of view 

The following notion of Measure Equivalence Coupling, introduced 
by Gromov in [9] 0.5.E and considered in [2] and [3] by the author, pro- 
vides a very convenient point of view on orbit relation automorphisms. 

Definition. A Measure Equivalence Coupling of two (infinite) count- 
able groups F and A is an (infinite) Lebesgue measure space {fl, m) with 
two commuting, free, measure preserving actions of F and A , such that 
each of the actions has a finite measure fundamental domain. 

We shall use left and right notations for the F and A actions 

7 : a; I— >• 70;, A : a; 1— > cuX 

in order to emphasize that the actions commute. For our current pur- 
poses we shall only need self ME-couplings (Q, m) of F, i.e. Measure 
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Equivalence Couplings of T with itself. Given such a coupling {Q, m) 
let X,Y C Q be some fundamental domains for the right and the 
left F-actions on (Q, m) respectively. Define the associated measurable 
maps 

A = Ax:rxX-^r, p = py -.Y xV 

by requiring that for a.e. x ^ X (resp. y &Y) one has 7a; e XA(7,a;) 
(resp. y7 e p{y,^)Y). The left F-action on Vl/T (resp. the right F- 
action on F\n), always denoted by a dot can be identified with the 
measure preserving F-action on X with the finite Lebesgue measure 
mx = Tn\x (resp. on Y with my = m|x) defined by 

7 • X = ix\{-i,xy\ y-i = p{y,ir^yi 

With respect to these left and right F-actions Ax and py become mea- 
surable left and right cocycles respectively, namely satisfy: 

A(7i72, x) = A(7i, 72 ■ a;)A(72, x), p{y, 7172) = p{y, li)p{y ■ 7i, 72) 

We shall say that a self ME-coupling (f2, m) is ergodic if the F-action 
on {X,m\x) is ergodic, which is equivalent to the ergodicity of the 
F X F-action on the infinite space {Q,m) (see [2] Lem 2.2). 

With the fundamental domain X G Q for Q/T being fixed, all fun- 
damental domains X' G Q for Q/T arc in one-to-one correspondence 
with measurable maps x G T: given a fundamental domain X' 

one sets = 7, if 2:7 G X', while given a measurable x 1— > e F one 
takes 

X' := {x^, \xgX} 

The left F-actions on X' and X are naturally identified via 6 : X ^ X', 
6 : X x^x, and the cocycles Ax : F x X ^ F, Xx' : F x X' ^ F are 
conjugate 

Xx'h,e{x))=^-lXx{l,x)^, (3.1) 

Similar statements hold for the right actions, their fundamental do- 
mains and the associated cocycles. 

If X C is a fundamental domain for both left and right F-actions, 
we shall say that X is a two-sided fundamental domain. 

Lemma 3.1 (see [3] Thm 3.3). Let (Q,to) be an ergodic self ME- 
coupling of some group T, and let X,Y G Q be right and left fun- 
damental domains for Q/T and r\Q respectively. Then Q admits a 
two-sided fundamental domain Z iff' m{X) = m{Y). 

Proof. Obviously all left fundamental domains have the same m- 
measure and the same holds for right fundamental domains. Thus 
the existence of a two-sided fundamental domain Z implies m{X) — 
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m{Z) = m{Y). Now assume that m{X) = m{Y). It is well known that 
ergodic m.p. actions on finite or infinite Lebesgue spaces the full group 
acts transitively on sets of the same measure (Lemma 2.1 for the finite 
measure case). Using the ergodicity of the F x F-action on (Q,m) the 
condition m{X) = m{Y) implies that there exist measurable partitions 
X — IJ^jXij, Y = \JijYij, and elements 7^' e F and e F, so that 

Y,j = Tf'^ijTf Then 

U X,,7; and U j^Y,, 

give the same set Z G Q. Being formed by piecewise right F-translatcs 
oi X = fl/r, the set Z is a right fundamental domain for fl/T; and at 
the same time being formed by piecewise left F-translates of y = F\Q, 
the same set Z is a left fundamental domain for F\Q. □ 



Now consider a free m.p. action {X, /i, F) of some countable group F 
and let Rx,r be the corresponding orbit relation. Given T e Aut Rx,r 
consider the infinite measure space {fl, m) := (X x F, ^ x mr) with 
two commuting F-actions, as usual written from the left and from the 
right: 

71 {x, 7) := (71 • X, ari^i, x) 7), {x, 7) 72 := {x, 772) 

where : F x X — >^ F is the rearrangement cocycle associated with 
T e Aut Rx,r- The space {Q, m) with thus defined F x F-actions forms 
an ergodic self ME-coupling of F, because X := X x {er} C is a 
two-sided fundamental domain. The fact that X is a right fundamental 
domain is obvious. To see that X is a left fundamental domain recall 
that for a.e. x & X the map 7 1— > ari'^jx) is a bijcction of F, so for 
m-a.e. {x, 71) there is a unique 7 e F with q;t(7, x) — 7f ^ which gives 

7 (x, 7i) = (7 • a;, Q;r(7, x)-fi) e X ^ X x {e} 

Also observe that 

Ax(7,^) = «t(7,^) (3.2) 

Lemma 3.2. Let (f2,m) = {X xT^fxx mr) be a self ME-coupling 

corresponding to T & AutRx,r- There is a one-to-one correspondence 
between two-sided fundamental domains X' G fl and 



T' e Aut Rx,r with [T'] = [T] e Out Rx,v (3.3) 
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where X' — {{x,^x) \ x G X} corresponds to T' : x ^ ■ T{x). 
Moreover 

Proof. Suppose that X'Gfl — XxTisa two-sided fundamental 
domain. The fact that both X — Xx {e} and X' are right fundamental 
domains implies that X' is of the form {{x,^^) I x e X} for some 
measurable ^ : X ^ F. In order to verify (3.3) for the map T' : 

X ^ X , T' : X i-^ ■ T{x), it suffices to check that T' is one-to-one 
(mod 0), the relations between the cocycles a^', Xx,, Xx and being 
straightforward. 

Assume that T'{x) = T'{y) which means ■ T{x) = • T{y). 
Then T[x) and T{y) are on the same F-orbit in X, and so are x and 
y, i.e. y = '-f ■ X for some 7 G F. Thus 

• nx) = ■ r(7 • x) = ^-.l ari^, x) ■ T{x) 

which means that ^-y.-^ = Q;r(7, x) ^-r. In Q we have 

l{x, Q = (7 • 2^, Q;r(7, = (7 • a;, ^7-^) 

with both {x, ^x) and (7 • x, ^^.x) in X'. Since X' is a two-sided funda- 
mental domain, in particular a left fundamental domain, it follows that 
7 = e and x = y. Hence T' is indeed a measure space automorphism 
of {X, 11) and the rest of its properties follow automatically. The fact 
that T' as in (3.3) gives rise to a two-sided fundamental domain X' is 
proved by back tracking the above argument. □ 

Next consider an equivariant quotient map $ : {VL,m) — > (r2o,mo) of 
self ME-couphngs of F, i.e. a measurable map $ : Q — > Qq such that 

= mo and <l>(7iu;72) = 71 <I>(cj) 72 

Observe that the preimage X := $~^(Xo) (resp. Y := $~^(Fo)) of 
any right fundamental domain Xq C flo (resp. any left fundamental 
domain Yq C flo) is a right (resp. left) fundamental domain in Q,. If 
X = $^^(Xo) we shall say that X G fl and Xq C are ^-compatible. 
Note also that if {fl, m) is an ergodic coupling then so is (Oq, ^0), and 
if (^2, m) admits a two-sided fundamental domain then 

mo(Xo) = m{X) = m{Y) = mo(Fo) 

so that (f)o,^o) also admits a two-sided fundamental domain Zq, and 
taking Z :— $~^(Zo) we obtain a two-sided fundamental domain for 
(Jl,m) which is ^-compatible with Zq C JIq- 
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Observe that for ^-compatible right fundamental domains X G ^ 
and Xq C JIq one has 

Ax(7,^) = ^Xo{l,^{^)) 
Realizing the natural left F-action on {Q,m)/r by the F-action 

7 : a; I— > 7 • a; = 7^ Ax(7, x)~^ 

on a ^-compatible fundamental domain X C Jl, one obtains a F- 

equivariant quotient map X-^Xq which is a concrete realization of 
the left F-equivariant map {fl,m)/T — > {flQ,mQ)/r defined by $. This 
discussion is summeraized by the following 

Proposition 3.3. Let (X, /j,, F) be a free, ergodic, measure preserv- 
ing action, T e Aut Rx,r and let (i7[T],m) he the corresponding self 
ME-coupling of V. Assume that (fi[T],77i) has an equivariant quo- 
tient ME-coupling $ : {Q]j^^,m) (fioj'^^o)- Fix a two sided funda- 
mental domain Xq C Qq, denote by (Xo,//o,r) the left T-action on 
{Xq, iiq) = {flQ,mo)/T , and let 

TT : (X,^,F) ^ (Xo,/Xo,r) 

denote the T -equivariant quotient map induced by $. Then there exists 
a f e Aut Rx,r with [T] = [f] e Out R^.r so that 

af{-f,x) = Axo(7,7r(x)). 

4. SUPERRIGIDITY AND STANDARD QUOTIENTS 

In this section we specialize to actions of irreducible lattices F in 
higher rank semi-simple Lie groups G. 

Proposition 4.1 (see [2] Thm 4.1). Let G be a semi-simple, con- 
nected, center-free, real Lie group without non-trivial compact factors 
and with Tk^{G) > 2. Let F (Z G be an irreducible lattice and {X, F) 
be a measure preserving, ergodic, irreducible, essentially free T-action. 
Given any T G Aut Rx,r let m) be the associated self ME-coupling 
as in section 3. Then there exists a well defined class [r] e OutG so 
that given any representative r of [r] there exists a measurable map 
$ : G defined uniquely (mod 0) so that 

$(7ia;72) = '^l^{uj)^2 (71,72 e T) 
and one of the following two alternatives holds: 

(a) either $*m coincides with the Haar measure ma on G, normal- 
ized so that F has covolume one, or 
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(b) is an atomic measure of the form 

1 

i=l -ygr 

where C G are such that {giT, . . . ,gk^} is a single finite 

r(r)-orbit on G/V. In particular, T has a subgroup Vi of index 
k so that t(Ti) has index k in giTg^^, and t{T) and T are 
commensurable. 

If the V-action on {X, /i) is aperiodic, then either (a) holds or in alter- 
native (b) we have k = 1 which means that 

(b') <l>*m coincides with the counting measure mr' on V — r{r) C G 
where r(r) = gTg~^ for some g E G. 

This proposition is essentially [2] Thm 4.1, the proof of which is 
based on Zimmer's superrigidity for cocycles and Ratner's theorem. In 
[2] the statement is formulated in a slightly different form and only for 
lattices in higher rank simple Lie groups. Since we need some details 
of the proof to be used later, we include the main arguments here. 

Fix a T G Aut Rx,r representing [T] and consider the rearrangement 
CO cycle ar '■ ^ x X —>■ T G G a.s a. G- valued co cycle. This co cycle is 
Zariski dense in G (this is a form of Borel's density theorem, see [17] 
p. 99, or [2] Lemma 4.2). Thus the assTimption that F is a higher rank 
lattice with an irreducible action on (X, /x) allows to apply Zimmer's 
superrigidity for measurable cocycles theorem [17] (in [2] Thm 4.1 we 
did not use irreducibility of the action and therefore had to restrict the 
discussion to lattices in higher rank simple groups G). Hence there 
exists a Borel map (j) : X ^ G and a homomorphism r : F — > G, so 
that 

a^(7,,T) =0(7-x)-i7^0(x) (4.1) 

for 7 G F and /x-a.e. x E X. By Margulis' superrigidity r extends to a 
G-automorphism and we denote by r G Aut G this extension. Defining 
the map $ : = X x F ^ G by 

$(a;,7) :=0(a;)7 (4.2) 

one verifies 

$(71(2;, 7)72) = $(71 ■ X, ar(7i, a:)772) = 0(71 ■ 2;)ci;r(7i, a;)772 
= 0(71 ■ x) (/)(7i ■ a;)"Si 0(a;)772 
= 7[<l>(x,7)72 

Choose F C G a Borel fundamental domain for G/F and let X' :— 
$~^(F). Hence X' C fl[T] is a fundamental domain for Jl[r]/r so that 
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m{X') = 1. This implies that the pushforward measure mo := $*m 
on G has mQ{F) — 1 (in particular mo is finite on compact sets) while 
the restriction mol^ defines a regular Borel probability measure jiQ on 
G/r, which is invariant and ergodic for the left r(r)-action. 

An application of Ratner's theorem (see [2] Lem 4.6 with an easy 
modification needed to handle semi-simple rather simple Lie groups) 
implies that /iq is either (i) [Iq — ma/v - the normalized Haar measure 
mc/T, or (ii) is an atomic measure. 

In case (i) the map $ defined in (4.2) clearly maps m on flp'j to the 
Haar measure m^ as in Proposition 4.1 (a). The uniqueness statements 
in Proposition 4.1 follow from [2] Thm 4.1. 

In case (ii) the atomic T(r)-invariant measure /iq on G/T has to 
be concentrated on a single finite r(r)-orbit {giT, . . . , gt^} with equal 
weights 1/k. Let Fi be the stabilizer of ^fiF G G/T. Then [F : Ti] = k 
and t(Fi)5'iF — giF i.e. r(Fi) has index k in g^Fg^^. 

The preimage Qi = $~^((yfiF) is Fi x F-invariant set which gives rise 
to a measurable Fi-invariant subset Xi of X with fi{Xi) = 1/k. If F- 
action on (X, /i) is aperiodic, then necessarily k = 1 and mo = X^^^r 
and r(F) = gVg-^. □ 



Remcirk. The uniqueness of <I>[t] in particular implies that the re- 
arrangement cocycle can be written in the form (4.1) with the mea- 
surable map 4> : X ^ G being uniquely defined (mod 0) as soon as 
a representative r e AutG of [r] e OutG is chosen. Hereafter this 
unique "straightening" map will be denoted by 0t,t- 

Theorem 4.2 (Standard Quotients). Let G be a semi-simple, con- 
nected, center-free, real Lie group without non-trivial compact factors 
and with rkR(G') > 2; T G G - an irreducible lattice and (X, /i,F) 
be a measure preserving, ergodic, irreducible, essentially free T-action. 
Then every [T] e Out Rx,t defines a unique class [r] G Out G such that 
given any representative r e Aut G of [r] there is a measurable map 
TT : X ^ G/r, defined uniquely (mod 0) and satisfying 

7r(7 • x) — t(7) • 7r(x) 

for ji-a.e. x E X and all 7 G F. There are two alternatives: 

either the following equivalent conditions hold: 

(al) the distribution of (j)T,T{x) on G is absolutely continuous with 

respect to the Haar measure m^; 
(a2) 7r*/i = ma/T - the G-invariant probability measure on G/T; 
(a3) there exists f G Aut Rx,r with [f] = [T] and 7r{x) = 0t_^(x) F. 
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or the following equivalent conditions hold: 

(bl) the distribution of (I)t,t{x) on G is purely atomic; 
(b2) TT*// = ^9ir where {giF, . . . , gkT} is a finite T(r)-orbit 

on G/V; V contains a subgroup Vi of index k so that riTi) is 
a subgroup of index k in giTg^^ ; and Xi = 7r~^{{gir}) is a 
Ti-ergodic components of {X,fj,) with fi{Xi) = 1/k; 
(b3) there exists T e Aut Rx,r with [T] = [T] and 

(f)f^{x) = gi for fi — a.c. x E Xi G X. 

If T-action on {X^fi) is aperiodic then conditions (al)-(a3) above are 
equivalent to 

(a4) [T]^A*(X,r), 

while their alternatives (bl)-(b3) are equivalent to 

(b4) [r]eA*(x,r); 

moreover in (b2)-(b3) one has k — 1 and these conditions take the 
following form: 

(b2') 7r*/i = SgY where g G G satisfi.es t{T) = gTg~^; 
(b3') there exists T G Aut Rx,r with [T] = [T] and 

(i)f^{x) — g for ii—a.e. x G X. 

Proof. Consider the self ME-coupling ''ti) with the corresponding 
outer class [r] G Out G. Given a choice r G Aut G of [r] let 

$ : Q[T] ^ G 

be the r(r) x F-equivariant map as in Proposition 4.1. Then $ uniquely 
defines a measurable map 

TT : {X, fx, r) - {n^T] , m)/r ^ G/T, 7r(7 ■x)^Y- Ax) 

Let us show that the alternatives (a) and (b) in Proposition 4.1 yield 
mutually exclusive conditions (al)-(a3) and (bl)-(b3) respectively 

In case (a) where = mc, (al)-(a3) follow from Proposition 3.3 
and the construction (4.2) of 

Case (b): = k''^ X)5=i ^^er ^ga where {giT, gkV} is a single 
r(r)-orbit on G/T. Condition (bl) is clearly satisfied. Let 

r, = {7 e r I 7^^,r = ^,r} and x^ = 7r-^({^,r}). 

where tt : X — > {giT, . . . ,gk^} is the P-equivariant map above. Then 
conjugate groups Pj have index k in P, and P permutes the disjoint sets 
Xi (and so n{Xi) = 1/k) while each Xj is Pj-invariant for i = 1, . . . , k. 
Moreover Pj acts ergodically on X^ because Rxi,ri = Rx.r H {Xi x Xi). 
This proves (b2). 
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The set Xq = {gi, . . . , g^} forms a fundamental domain for the r(r) x 
F-action on G. The corresponding cocycle Axq satisfies 

Axo (71,^1) = ^rS[c/i (71 e Ti) 

Applying Proposition 3.3 we obtain T G Aut Rx,r with [T] = [T] e 
Out Rx,r and 

af(7,^) = ^Xo{l,Tr{x)) = g^^ Y 9i (4-3) 

for all 7 e Fi and a.e. x e Xi = ^'^{{giT}) = ^'\{gi}). We deduce 
that (f)f^{x) — gi for x & Xi, proving (b3). 

If the F-action {X,fi) is aperiodic, one has /c = 1 so that (b2), (b3) 
take the form of (b2'), (b3'). Condition (b3) follows from (4.3) and 
Proposition 2.4(c). The latter also explains why (b4) is incompatible 
with (al)-(a3). □ 



Proof fo Theorem 1.1. For r G Aut G the F-action on G'/r"^(F) 
is isomorphic to the r-twisted F-action on G/T, both with the Haar 
measure. Since {X, fi, F) is assumed not to have these actions among 
its measurable quotients, any T e Aut Rx,r fails condition (a2) in 
Theorem 4.2, while satisfies the alternatives (bl-4), which means that 
[T]eA*(X,F). □ 



5. Some applications of Ratner's Theorem 

In this section we recall some applications of Ratner's Theorem (see 
[12] and references therein). Note that in these results there are no 
restrictions on the rank of the semi-simple group G. In fact the results 
remain true whenever G is a connected Lie group generated by Ad- 
unipotent elements and F C G is a closed subgroup so that G/T carries 
a G-invariant probability measure. 

Theorem 5.1 (cf. Ratncr [12] Thm E2). Let F be an irreducible lattice 
in a semi-simple connected real Lie group G, A and A' he lattices in 
some connected Lie groups H and H' , p : G ^ H and p' : G ^ H' he 
continuous homomorphisms such that the V-actions 

7 : M ^ p(7)^A, 7 : h'h' ^ p'{l)h'A' 

on {H/ AjUIh/a) and {H' / A' ,mH'/A') are ergodic. Assume that there 
exists a measurable V-equivariant quotient map 

TT : {H/A,mH/A) — >{H' /A' ,mH'/A') 
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Then there exists at E H' and a surjective continuous homomorphism 
a : H ^ H' such that 

(i) cr(A) is a finite index subgroup of A', 

(ii) 7r{hA) = ta{h)A' for a.e. he H, 

(iii) a o p(7) = tp'{j)t^^ for 7 G F. 

//tt is one-to-one then a : H ^ H' is an isomorphism and cr(A) = A'. 
In particular, for the above V -action on {H/ A,mH//^) 

Aut*iH/A,mH/A,r) ^ iVAff(H/A)(p(r)) 

In [15] Witte considers a more general question of a classification 
of all measurable equivariant quotients {H/ A^mH/h) — ^ O^i^) showing 
that (Y, v) has an algebraic description (slightly more general than 
H' / A' as above). However Theorem 5.1 suffices for our purposes. It is 
deduced from the more general Theorem 5.2 below by considering the 
measure v on H/ A x H' / A' obtained by the lift of muiK to the graph 
of TT : HjA H'/A'. 

Theorem 5.2 (cf. Ratner [12] Thm E3). LetV dG, Ac H, A' C H' , 

p : G ^ H and p' : G ^ H' be as in Theorem 5.1. Let u be a probability 
measure on H/A x H'/A' which projects onto tuh/a and tuh'/a', and 
is invariant and ergodic for the diagonal T-action 

7 : {hA,h'h') ^ (p(7)/iA,p'(7)/i'A') 

Then there exist closed normal subgroups N < H, N' < H' , an element 
t e H'/N' and a continuous isomorphism g\ from Hi := H/N to 
H'^ := H'/N', so that 

(i) Ai AA^ C Hi and A'^ := A'A^' C H'^ are lattices, 

(ii) There are finite index subgroups Ai C Ai, A'^ C A'^ so that 
ai{Ai) = A'„ 

(iii) cTi o p(7) = tp'{'y)t ^ for e T, 

(iv) The measure 1/ is N x N' -invariant and its projection ui to 
Hi/Ai X H'l/A'i can be obtained from the liftrrif of rriHi/Ai to 

the graph of Hi/Ai^H'^/A'^ where f{hAi) = tai{h)A-2, by 
vi — p*mf where p is a finite-to-one projection 

(Hi/Ai) X iH'JA',)^iHi/Ai) X {H'JA',). 

Theorem [12] E3 and its corollary [12] E2 were proved by M. Ratner 
as an application of the main theorem ([12] Thm 1). In all these results 
the acting group is assumed to be generated by Ad -unipotent elements. 
In order to deduce the results for actions of lattices T G G, needed for 
our purposes, one uses the suspension construction replacing the F- 
invariant measure u on H/A x H'/A' by the G-invariant measure u 
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on G Xr H/ K x H' / A' and applying Ratner's classification of invariant 
measures ([12] Thm 1) to the action of the semi-simple group G which 
is generated by Ad-unipotents. The reader is referred to the paper [13] 
of Shah (Corollary 1.4) or Witte ([15] proof of Corollary 5.8) for the 
precise argument. 

6. Proofs of Theorem 1.2 and Corollary 1.3 

Proof of Theorem 1.2. Let P C G and (X,//,r) be as in Theo- 
rem 1.2, and let n := [Out Rx,r : A*(X, F)] e {1, 2, . . . , cx)}. If n = 1 
there is nothing to prove. If 1 < n < oo set Tq = Id and choose repre- 
sentatives Tj e Aut Rx,T-i 1 < i < n, for the cosets A*(X, r)\Out Rx,r- 
In other words choose Tj so that for < i 7^ j < n we have 

Since [Tj] ^ A*(X, F) for 1 < i < n, by Theorem 4.2(a) there are 
Tj e Aut G and measurable maps -ni : X ^ G /V satisfying 

(7rj)=^/i = mc/r, TTj (7 • a;) = 7^' • TTj (x) 
It remains to prove that the map 

n-l 

TT : J] G/F, 7r(a;) = (7ri(a;), 7r2(a;), . . . ) 

i=l 

takes n onto the product measure mcn-i/rn-i = 11^=1^ "^G/r- We shall 
prove by induction on finite k in the range 1 < k < n that the map 
TT^'^\x) :— {tti{x), . . . , nk{x)) satisfies 

ni''^ fj. ^ niGk /Tk (6.1) 

(Note that this is sufficient even if n = cx) because the infinite product 
measure is determined by its values on finite cylinder sets). The case 
= 1 is covered by Theorem 4.2 (a2). Assuming (6.1) for A; — 1 we 
apply Theorem 5.2 to 

H := G''-^ A := V"-^ p ■= n x ■ ■ ■ x Tk-i 
H' — G A' F p' := 

and the probability measure u := n^i^^ p on H/K x H' / K' = G'^ /T^. 
By the induction hypothesis v projects onto mH/K in the first factor, 
and as [T^] ^ A*(X, F), v projects onto mn'/K' in the second factor. If 
N ^ H ^ G^-^ then necessarily N' ^ H' ^ G, so that 

proving the induction step. 
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It remains to show that the other alternative, namely N < G^~^ 
and N' <\G being proper normal subgroups, cannot occur. By Theo- 
rem 5.2 (i) Ai = riV' C G/N' forms a lattice in G/N' which is possible 
only if N' = {e} because F C G is irreducible. Thus N < G^~^ is such 
that G^-ViV = G and T'^-^N forms a lattice in G^-^/N ^ G. This 
means that for some j e {1, . . . , /c — 1} 

N = {{g,,...,gk-i)eG'-'\gj = e} 
(^i{{gi, - ■ ■ ,gk-i)N) = a{gj) 

where a G Aut G is such that for some t & G, a o Tj{g) = tTk{g)t~^ and 
(t(A) = A' for some finite index subgroups A, A' C F. In this case the 
distribution of the pairs {7ij{x),7Tk{x)) on G/F x G/F is a projection 
under the finite-to-one map 

G/A X G/A' — >G/r X G/r 

of the measure m/ which is a lift of mo /a to the graph of 

/ : G/A^G/A', f{gA) = ta{g)A' 

By Theorem 4.2 (a3) there exist Tj and Tk G Aut Rx,r with [Tj] — [Tj], 
[Tk] = [Tk] so that for i = j,k the rearrangement cocycles 

ctj := af, : F x X — >T 

satisfy 0:1(7,0;) = ^^(7 ■ x)~^ ■j'^'- 4)i{x) with TTi{x) = (j)i{x)T. The struc- 
ture of the distribution vi of {7rj{x),7Tk{x)) described above implies 
that the distribution of {(j)j{xy)~^(j)k{x) on G is purely atomic. Let 
S ■.= fkO f-^ e Aut Rx,r and let a' e Aut G and V = (ps,^' ■ X ^ G 
be such that 

Applying Proposition 2.4 (a) to Tfe — SoTj we obtain that for all 7 e F 
and /x-a.e. x & X 

(pkh ■ ^'r^ (Pk{x:) = akil, x) = as (ajil, x),fj{x)^ 

= -0 (oij{-f, x) ■ fj{x)^ aj{-f, xf il}{fj{x)) 

= ^(7}(7-x))'' (0,(7 h(x)Y' ^(T,(x)) 
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Replacing a' hy a E Aut G (so that Tk = croTj) and changing ip = (psy 
to 4)8,(7 accordingly, we deduce that 

0fc(a;) = (l)j{xY (t)s,a{Tj{x)) 

Since the distribution of {(f)j{xY)~^(f)k{x) is purely atomic, it follows 
from Theorem 4.2 (b) that [S] e A*(X, T) and 

[S] = [nofr^] = [T,][T,-]'i G A*(X,r) 

contrary to the choice of [Tj]-s. Hence the induction step is verified and 
the proof of Theorem 1.2 is completed. □ 



Proof of Corollary 1.3. Suppose that [Out Rx,t : A*{X,r)] > n > 1. 
Theorem 1.2 provides a F-equivariant quotient map 

TT : (X,//,r)^(G'"-Vr"-\mGn-i/rn-i,r) 

where in the right hand side F acts diagonally in each of the factors 
(G/r, m^/r, r"^'). For diagonal actions the entropy is additive, so for 
every 7 G F one has 

h{X,^) > /i(G'"-VF"-\ mGn-i/r-i, 7) 

n-l 
i=l 

which gives (1.1). 

In the context of smooth actions of F on a compact d-manifold X 
another application of superrigidity for cocycles allows to express the 
entropies h{X, n, 7) of elements 7 G F via eigenvalues of li-dimensional 
G-representations. More precisely, (see Furstenberg [4] Thm 8.3, or 
Zimmer [17] 9.4.15) either /i(X,/i,7) = for all 7 G F, or /i(X,/i,7) = 
x(p(7)), 7 G F, for some representation p : G ^ GLd{C). In particular 
one has 

i„fM^< „,,xmf4^, (6.2) 

7 x(Ad7j dim p<d 7 ;\;(Ad7) 

Let us point out that in the above cited references the F- action on X 
and the measure /i were assumed to be C^-smooth, in order to apply 
Pesin's formula. However for the inequality (6.2) one only needs the 
upper bound 

KX, n, 7) < max x(p(7)), 7 e T 

dim p<a 
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which, being based on Marguhs-Ruelle inequahty, holds under C^- 
assumption on the action and does not require any regularity assump- 
tions on the measure fi. 

Using Borel's density theorem one may extend the inf in (6.2) from 
7 G r to G G, obtaining the claimed estimate 

[OntRx,r : /\*{X,T)] < 1 + WG{d). 

For a given G the function Wcid) can be computed explicitly in terms 
of the weights of irreducible representations, but here let us confine the 
discussion to a general estimate Wcid) < suggested to me by 

Dave Wittc, whom I would like to thank. For A; > 2 let ak denote the 
(unique !) irreducible representation 0"^ of SL2(R) in dimension k. If 
h denotes the element diag(e, e~^) G SL2(R), then the eigenvalues of 
ak{h) are |e''+^"2* | i = 1, . . . , /c} so that 

i<k/2 

Given a d-dimensional G-representation p choose a subgroup SL2(R) — 
Go C G, and let gr g G correspond to /i G Go above. The restriction 
p\go of p to Go splits as a direct sum of irreducible Go-representations 
(7di with '^di — d. Thus 

xiPig)) -Y.xMh)) < 1/4 ^rf^ < dV4 

At the same time xi-^^oig)) > x(AdsL2(R)(^)) — 2, which gives 

Woid) < d^/8. 

□ 



7. Standard Examples without G/F quotients 
In this section we prove 1.4-1.8 applying Theorem 1.1. 

Proof of Theorem 1.4. Let us first verify the ergodicity and aperi- 
odicity of the F-action on T^. Let / G L^{T^) ^ / G /{Z^) denote 

the Fourier transform. For A G SLAr(Z) one has f o A = A^f. There- 
fore if / G L^(T-^) is an invariant vector for a subgroup A C SL7v(Z) 
then / G £^(Z^) is a A*-invariant vector, and / is supported on finite 
A*-orbits on Z^. Thus if F fails to act ergodically on T'^, then p(F)* 
has a non-trivial finite orbit on Z^, and for some finite index subgroup 
F' C F there is a non-trivial fixed vector for p(F')* in Z^ C R^. Since 
p : G — > SLjv(R) is rational, Borel's density theorem implies that all 
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of p{Gy C SLAr(R) has a non-trivial fixed vector, and since p{G) is 
totally reducible p{G) also has non-trivial fixed vectors contrary to the 
assumption. Thus T acts crgodically on T^, and since the arguments 
apply to any finite index subgroup of F, this action is aperiodic. 

The F-action on can be assumed to be free. Indeed SLjv(Z) acts 
freely (mod 0) on and so does p(F) = F. 

Next we claim that the system (T^, F) docs not have (Ad G/F', Ad F) 
as a measurable quotient. In the case of F C SL„(Z) acting on T", 
n > 2, this is easily seen from the entropy comparison: for 7 e SL„(Z) 
with eigenvalues Ai, . . . , A„ one has 

/i(T^7) = ^log+ |A,|, /i(AdG/F',7) = J^log-^ |A,/A,| 

where F' is any lattice in AdG = PSL„(R). Since |det7| = 1, i.e. 
X^log I Ail = 0, one has a strict inequality /i(T",7) < /i(AdG/F',7) as 
soon as 7 has at least one eigenvalue off the unit circle. For the general 
case we resort to a more complicated argument described below. 

Now Theorem 1.1 (or rather its simple modification needed to handle 
finite center) gives 

Out Rtnj^ = A*(T^, F) ^ Aut*(T^, F)/F. 

Evidently any a G GLAr(Z) which normalizes p(F) gives rise to the map 
T^:x^ a{x) of which fies in Aut*(T^, F). 

Claim 7.1. The correspondence a is an isomorphism 

iVGW(z)(p(r))=Aut*(T^,F). 

The correspondence a — is clearly a monomorphism of groups. 
To show its surjectivity consider a general T G Aut^(T^,F) and let 
V denote the lift of the Lebesgue probability measure m^N on 
to the graph of T . Thus z/ is a probability measure on x T-'^ = 
(R^ X R^)/(Z^ X Z^) which is invariant and ergodic for the {px po 
r)(F)-action 7 : {x,y) 1— >• {p{'y){x), p{Y){y))- Witte's [15] Corollary 5.8 
(based on Ratner's theorem) allows to conclude that is a homogeneous 
measure for some closed subgroup 

M C (p X p o t)(F) K (R^ X R^) 

The connected component Mq of the identity of M can be viewed as 
a subgroup of R^ x R^. The fact that z/ is a lift of m^N to a graph 
of a m.p. bijection T : T^, and the fact that R^ is connected 

while Z^ is discrete, leads to the conclusion that Mq C R^ x R-^ 
projects onto R^ in both factors in a one-to-one fashion. Hence Mq — 
{{x,a{x)) I X G R-^} where a G AutR^ which preserves Z^, i.e. 
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a G GLAr(Z), and T has the form: T{x) = a{x) + t where t G is 
such that 

aop(7)(x)+i = p(70(f7(x)+i). 

The latter means that t is p(r)-fixed and ap(7)a~^ = p{Y)- An ar- 
gument similar to the one for aperiodicity of the action (based on the 
assumption that p{G) has no non-trivial fixed vectors), implies that t 
has to be trivial, so that T is of the form T^- where a G -/VGL;v(z)(p(r)). 
The Claim is proved. 

It remains to show that does not have AdG/F' as a measurable 
F-equivariant quotient. It follows from Witte's [15] 5.8 that measur- 
able F-equivariant quotients of = R^/Z^ have the form 7^'\R^/A 
where CI A C is a closed F-invariant subgroup and i^T is a 
closed subgroup of Aff(R^/A) centralizing F; moreover K is acting 
non-ergodically on R^/A. The latter space can be identified with a 
quotient torus T", n < A^, on which F still acts by automorphisms, 
so that K becomes a subgroup of GL„(Z) K T". We claim that the 
F-action on ii'\T" cannot be measurably isomorphic to the F-action 
on AdG/F' because the former cannot be extended to a G-action. In 
fact the F-action on K\T^ cannot be extended to a measurable action 
of the smaller group - the commensurator 

A := CommG(F) = g G | [F : ^"^F^ n F] < oo} 

which is a dense subgroup in G (follows from Margulis' arithmetic- 
ity results [10]). Indeed, let (7 i-^ T^,, G A, denote a hypothetical 
extension of the F-action on f^yX" to some measure-preserving A- 
action. For any G A there are finite index subgroups Fi,F2 C F so 
that Ty : J y-^ 919'^ is an isomorphism Fi — > F2. Thus Tg satisfies 
Tg{-f ■ x) = Tg{-f) ■ Tg{x) foT Bi .6 . X G K\T'' Siud all 7 G Fi. Arguing 
as in the proof of Claim 7.1 one shows that such Tg has to have an 
"algebraic" form, i.e. to be induced by a linear map p{g) G SL„(R) 
which has to preserve the lattice Z". The fact that the embedding 
F — > SL„(Z) cannot be extended to the commensurator A D F gives 
the required contradiction. □ 



Proof of Theorem 1.5. By Margulis' Normal Subgroup Theorem [10] 
(4.10) the homomorphism p : F — > A' is actually an embedding (recall 
that G and hence F are assumed to be center free). Thus without loss 
of generality we can assume that the proper subgroup L C K does not 
contain non-trivial normal factors of K (otherwise dividing by these 
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factors we still remain in the same setup). This means that the in- 
action ki : kL ^ kikL is free (mod 0) and so is the ergodic F-action 
{K/L, rriK/L, T)- This F-action is aperiodic: being connected K admits 
no proper closed subgroups of finite index, and therefore any subgroup 
Fi C F of finite index has a dense image p(Fi) in K and acts ergodically 
on {K, ttik) as well as on its quotient {K/L, rriK/L)- Furthermore, such 
an action is irreducible - see Zimmer [16] Prop 2.4. Clearly the discrete 
spectrum F-action on K/L cannot have equivarient quotients of the 
form G/T. Hence Theorem 1.1 gives 

Out R(K/L,T)=^*{K/L,T) 

In Theorem 1.5 K/L is a homogeneous space (recall that being con- 
nected K has to be a Lie group). However, Theorem 1.7 (or Ratner's 
theorem, in general) does not apply to this situation because the acting 
group is not generated by Ad-unipotent elements. Yet the following 
general result describing Aut* {K/ L, F) can easily be obtained by direct 
methods. 

Proposition 7.2. Let K be a compact group, T G K a dense subgroup 
and L C. K a closed subgroup. Then the left F-action on {K/ L^rriK/L) 
is ergodic and 

Aut(K/L,F) ^ Nk{L)/L 

Aut* (K/L, F) ^ A^Afr(i^/L)(r) 

Reiricirk. In the particular case of L = {e} the first assertion, i.e. 
the isomorphism Aut(ii', F) = K, is easy seen as follows. Any T e 

Knt{K,mK) can be written as T{k) = kt^-^ where k t^ E K is 
a measurable map. Then T{j ■ k) = 7 • T{k) translates into an a.e. 
identity t^.]^ = tk- Since F acts ergodically on {K, rriK) the map k ^-^ t^ 
IS cl.G. db constant t E K, i.e. T(k) — kt. The correspondence T e 
Aut(A', T) t E K is easily seen to be an isomorphism of groups. 

Proof of Proposition 7.2. Given T G Ant^{K/L, F) let u be the lift 

of rriK/L to the graph of T on K/L x K/L, and let 

R := {(/ci, k2) e K X K \ {ki, k2)*v = i^}. 

R C K X K forms a closed (hence compact) group, containing {(7, 7"^) | 
7 G F}. The projections Pi{R) of R to K are closed and contain F. 
Hence it! projects onto K in both coordinates. We claim that 

Ri:^{keK\ {k, e) G R}, R2 :^ {k E K \ (e, k) G R} 

are closed normal subgroups in K. Indeed, for ri G i?i and k E K 
there exists a, k2 E K so that (A;, /C2) G R, and 

{k,k2)''\ri,e) {k,k2) = {k-\^k, e) E R 
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shows that k^^rik G Ri. Thus Ri< K and similarly R2 < K. 

Since v disintegrates into Dirac measures with respect to mx/L under 
the projections Pi : {K/L) x (K/L) —>■ K/L, the i?i-actions on K/L 
should fix iriK/L-^-^- point of K/L. This means that Ri C L, and since 
L is assumed not to contain non-trivial normal factors of K, R^ = {e} 
for i = 1, 2. Hence R has the form 

R = {{k,e{k)) \ keK} 

for some bijection 9 : K ^ K which has to be a continuous isomor- 
phism, because i? C X x X is a closed subgroup. 

By definition of R for all /c e X and m^/L-a-e. /ciL, the point 
{kkiL,e{k)T{kiL)) is on the graph of T, i.e. T{kkiL) = 0{k)T{kiL). 
Thus T has the form T{kL) = 9{k)tL where t G -ft' is such that 0{L) = 
tLt~^. Such T can also be written as T{kL) = ta{k)L where a{k) — 
t~^d{k)t, in which case a G NAutxiL). Thus T comes from an affine 
map do-,* G AS{K/L). We conclude that Aut*{K/L,r) coincides with 

NAS(K/L)(r)- 

Finally, an affine map a^^t is in Aut(i^/L, F) if for all 7 G F and a.e. 
kL 

-fta{k)L = ta{-fk)L = ta{-f)a{k)L 

In view of the standing assumption that L does not contain normal 
subgroups of K this means that (T{'y) = t~^'jt for 7 G F. Since F is 
dense in K we have (j{k) = t^^kt for a\\ k E K and (j{L) = L means 
t G Nk{L). Hence a^^t '■ kL h-^ (tt'^)ktL = ktL and t,t' G Nk{L) give 
rise to the same map of Aff (K/L) iff t't~^ G L. This gives the desired 
identification 

Aut(X/L,F) ^ Nk{L)/L 

□ 

This completes the proof of Theorem 1.5. 

Proof of Theorem 1.7. By Theorem 5.1 the system {H/ A,itih/a, F) 
has a F-equivariant quotient map 

TT : {H/A,mH/A)^{G/r',mG/r') 

only if there exists a surjective continuous homomorphism a : H ^ G 
with (t(A) C F' = F and o- o p(7) = t7t-i for some t G G. An existence 
of such a homomorphism cr was explicitly excluded by the assumption, 
so that Theorem 1.1 gives Out RH/A,r = A^H/A, F) ^ Aut*(///A, F)/F. 
To identify Aut*(i?/A, F) we invoke Theorem 5.1 again to conclude that 

Aut*iH/A,r) ^ NASiH/AMr)) 
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which presents A*{H/ A, T) as the quotient of A^Afr(fl/A)(p(r)) by the im- 
age oiT-^H ^ Aff (if/A). One also has Aut(if/A, T) ^ Cas(h/a){p{T)). 
□ 



Proof of Corollary 1.8. If p : G ^ ii is an embedding (or isomor- 
phism) of G into another semi-simple real Lie group H (center free and 
without compact factors) and A C if is an irreducible lattice, then 
the G-action on [H / h.,mH/h) is free and by Howe- Moore's theorem 
is not only crgodic but actually mixing. Hence also the restriction of 
this action to F-action is free and mixing, and in particular irreducible 
and aperiodic. The assumptions of the Corollary guarantee that there 
does not exits an epimorphism a : H ^ G with a (A) C F, so that 
Theorem 1.7 applies showing 

Out R^/A,r = A*(H/A, F) ^ Aut*(H/A, F)/F ^ NAS(H/AMr))/ p(r). 

Recal that Aff(if/A) contains if as a subgroup of finite index di- 
viding |OutA|. Hence, upon passing to a subgroup of index divid- 
ing |OutA|, the group Out R^/A.r — A^Aff(///A)(p(r))/p(r) can be re- 
duced to Nh{p(T))/ p(r), which contains the centralizer Cff(p(F)) = 
Gh{p{G)) as a subgroup of index dividing |OutF|. □ 



8. Proof of Theorem 1.9 

Case (G/F, F). Choose a two-sided fundamental domain X C G for F 
and define the transformation I : X ^ X hy I : x ^ x'^V r\ X. Note 
that both X and X~^ are two-sided, in particular right, fundamental 
domains and therefore i is a measurable bijection of X. Moreover, 

i(7 • x) = I{'yxX{^, x)-^) = A(7, x)x-^r nX ^ A(7, x) ■ I{x) 

which means that i G Aut R(G/r,r) and the corresponding rearrange- 
ment cocycle «/ is A = Ax : F x X ^ F. Observe that 

7 ■ X = 7a;A(7, a;)""*^ means that A(7, x) = (7 ■ x)^"*^ 7 a; 

(with the usual multiplication in G on the right hand side), so that the 
embedding X — > G is precisely the "straightening map" correspond- 
ing to the cocycle = Xx and the trivial automorphism tq : 7 1— > 7; 
in other words 0/ ^-^(a;) = x. Prom Theorem 4.2 (al) we conclude that 
[I] A*(G/F,F) and therefore 

[OutR(G/r,r):A*(G/F,F)]>2 (8.1) 
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while Theorem 1.2 (or Corollary 1.3) show that this index is at most 
two proving an equality in (8.1). Theorem 5.1 gives 

Aut*(G'/r,r)^7VAff(G/r)(r) 

Note that an affine map a<j,t G Aff(G/r) {aa,t '■ 9^ ^ ta{g)r where 
c e -/VAutG(r) and t E G) satisfies 

aa,t(7 • ^r) = Y ■ aa,t(yr) 

iff (7(7) = t-W{-f)t, in particular t e NaiT). Thus Aut*(G'/r,r) ^ 

iVAff(G/r)(r) ^ NAntcir), with gV ^ g^T, r G NAntciT) = Aut T, giv- 
ing all twisted action automorphisms. Hence A*{G/r, F) = AutF/F = 
OutF. Since this group commutes with [/], we obtain 

Out R(G/r,r) = Z/2Z x Out (F) 

as claimed. 

Before turning to the systems (G"/F",F) for general finite n > 1, 
observe that G/T can be viewed as the factor of G^ :— {{g,g~^) G 
G X G \ g E G} modulo the relation (g,g~^) ~ {gjijJi'^g), 7i G F. 
With this identification G/T = {Gl/ ~) the left F- action on G/T 
corresponds to the quotient of the action 7 : {g,g^^) ^ {l9) 9^^!^^) 
modulo ~, while the map / arises from the fiip {g-ig"^) 1— > {g~^,g)- 

Case (G"/F", F), n G N. Given a general finite n consider the set 

G:+' ■.= {{go,...,9n)eG:+'\go---gn = e} 
with the natural measure and an equivalence ~ defined by 

(fi-O, 5-1, • • • , 9n-l, 9n) ~ (5'07r\ 7l5'l72'^ • • • > ln-l9nln^ , ln9n) 

for 71, . . . , 7„ G F. The map p : ^ {G/VY = G"/F" given by 

P ■ {90, ■■■,gn) ^ {go^, go9i'^, 9o9i ■ ■ ■ 5'n-ir) 

factors through a bijection q : (Gg"*"^/ ~) G'^/F^. Note that the 
following F-action on G"^^ 

7 : (fi'O, 9l, 9n-l, 9n) ^ {l9o, 9l, ■ ■ ■ , 9n-l, 9nl~^) 

descends to an action on (G""*"^/ ~) which is isomorphic, via g, to the 
diagonal F-action on ^"/F" 

7 : (^ir, . . . , ^„F) ^ (7^iF, . . . , 7^nr)- 

The cyclic permutation T of order (n + 1) 

T ■■ {go, gi,---, gn-i, 9n) ^ {91,92, 9n, 9o) 

is easily seen to preserve the F-orbits on (G""*"^/ ~) = G"/F" and 
thereby defines a relation automorphism T G Aut Rg" /r",r with [T""*"^] G 
A(GVF",F). 
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We would like to present T as an explicit transformation of (G^/F"^, 
as follows. The cocycle Ax : T x X — > F corresponding to the two-sided 
fundamental domain X C G can be extended to a cocycle of G, i.e. 
A = \x : G X X ^ F still defined hy gx & X X[g, x). The left G-action 
on X = G/F can thus be written as 

g ■ X = gxX{g,x)~^ 

where on the right hand side we use the usual multiplication in G. 
Using these notations and viewing x & X G G both as points of the 
space X and as G-elements one obtains an exphcit form for T: 

T : (Xi, . . . , Xn) I— > {x^ ^ ■ X2, X-^^ ^ ■ X3, . . . , Xi^ ■ Xn, I{xi)). 

Observe that 

r(7 ■ {xi, . . . , Xn)) = T{-fXi\{j, . . . , jXnXi^, 

= (A(7, xi)x^^ ■ X2, A(7, xi)x];^ • X3, . . . , A(7, xi) ■ I{xi)) 

= A(7,Xi) ■ T{xi, . . .,Xn). 

Hence T e Aut R(G"/r",r) with the rearrangement cocycle being 

aT{^,{xi,...,Xn)) = A(7,xi). 
A similar computation shows that for 1 < A; < n one has 

Q;Tfc(7, {xi,---: Xn)) = A(7, Xfe) 

and therefore the corresponding "straightening" map is given by 

0T^T„(a;l, ■ ■ ■ ,Xn) = Xk e G. 

It now follows from Theorem 4.2 (al) that ^ A*(G"/F'", F) for k = 
1, . . . , n. In particular 

[Out R(Gvr",r) : A*(G"/F", F)] > n + 1 

which is, in fact, an equality due to the upper bound (n + 1) provided 
by Theorem 1.2 (or Corollary 1.3). 

To identify A*(G"/F", F) we invoke the second part of Theorem 5.1 
with H := G" and A := F" and note that affine maps of G"/F" have 
the form 

{g^T,...,gnT) ^ (ti^?;|^)F, . . . , t„(?;^)F) 

where p G S'„ is a permutation of {1, . . . ,n}, Ti G AAutG(r) = AutF 
and ti G G. One easily checks that such a map normalizes the diagonal 
F-action iff n = • • • = t„ = r and ti — ■ ■ • — tn — t where t G A^g;(F). 
Hence Aut*(G"/F", F) consists of the maps 

Sp,r •■ {gi^, Qn^) ^ (^p(i)r, . . . , 5p(„)r) 
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where p E Sn and r G A^AutG(r)). The obvious relation Sp^r ° Sp/y ~ 
Spp',rr' gives Aut*(G'"/r", r)^SnX A^Aut (r) and 

A*(G7r", r)^Sr,x (A^AutCn/r) ^ 5„ x Out(r). 

Out R(G"/r",r) is generated by [T] and A*(G"/r",r), and the exphcit 
form of T and 5'p_^ allows one to check that 

Out R(G"/r",r) = S^+i x Out (r) 

as claimed. 

Case (G'°°/r°°, r). Finally, let us turn to the case of n = oo, i.e. 
the diagonal F-action on {X,]!) :— (G/F, mc/r)^. Choose a two-sided 
fundamental domain X C G, so that X = X'^, and let A = : 
G X X ^ T and I : X ^ X he as before. Consider the map T : X ^ X 
defined by 

T :(..., xo, xi, ...) (..., x^"^ • xo, I{xi), x^^ ■X2,...) 
so that for A; 7^ 

(t''^\ / ^fc ^ ' i 1 — k 

- \ I{Xk) t=l-k 

and observe that 

T\^-x) = \{^,Xk)-T\x). 

As before, for A; 7^ we have aq-ki^^^x) = X{j,Xk) and 4>x>=,to{^) — 
so that [T]'^ ^ A*(X,r). 

Claim 8.1. OutR^^p is generated by [T] and A*{X ,T) . 

(Note that in previous cases similar statement followed immediately 
from the upper bound provided by Corollary 1.3). Choose an 5" e 
Aut Rx,r \ A*(X, F) and let 

n : X ^ G/T, vr^/I = mc/r, T^il ■ x) = Y ■ 7r(S) 

be the standard quotient map provided by Theorem 4.2. 

Lemma 8.2. n{x) = x], for some /c G Z and t G A^AutG'(r)- 

Proof. Denote by V the probability measure on (G/T)'^ x (G/T) ob- 
tained by the lift of Ji to the graph of tt. Fix an r G N, let 

r r 
—r —r 

and let p : G^ H he the projection on {— r, . . . , r}-coordinates. 
Denote by I?*^''^ the p x Id-projection of u to H/A x G/T. Then one can 
deduce from Theorem 5.2 that either 
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(i) I7('') = m^/A X rrtG/r, or 

(ii) There exists k e {— r, ...,r}, r e -/VAutG(r) so that for any 
F e Cc{H/A X G/r) 

J FdV^''>= J F{xi,...,Xk,...,Xn,xl)dmG/rixi)---dmG/rixn). 

As r — > oo case (i) cannot persist forever, because that would imply 
that V = Jlx ruG/r which is impossible. On the other hand as soon as 
(ii) occurs, the index k and r e NauigO^) '^^ change. This proves 
the Lemma. □ 

With the explicit form of vr : X G/T provided by Lemma 8.2 we 
invoke Theorem 4.2 (a3) to conclude that there exists S G AutR^p 
with [S] = [S],Te iVAutG(r) and A; ^ G Z so that 

Recalling that also for we have (pTk^^^lx) = Xk one concludes that 
[S] = [S] G [T^]A*(X,r) using the same argument as in the proof of 
Theorem 1.2. This completes the proof of Claim 8.1. □ 

Any permutation p of Z and any r G A^AutG(r) give rise to the map 

Sp,r G Aut"(X,r) 

On the other hand if S" G Aut*(X, F) let 17 on X x X be the hft of 
JI to the graph of S and let 17'" be the projection of this measure to 
ri-r^/^ X Y[_r^/^- Then applying the Joining Theorem 5.2 to this 
finite dimensional situation successively for r — > oo, one concludes that 
such S has to be of the form Sp^r- Hence 

Aut* (X, r) ^ X NAutciT) 
A* (X, F) ^ X Out F. 
Finally, the explicit form of [T] and [Sp^r] allows to conclude that 
Out R(X, F) ^ ^oo+i X Out F 

where the symbols 6*00 and 6*00+1 can be interpreted as the inclusion of 
the permutation group of Z in the permutation group of Z U {pt}. □ 



OUTER AUTOMORPHISM GROUPS 



37 



9. Proof of Theorem 1.6 

Throught this section T = PSL„(Z), G = PSL„(R) and n > 3. 
Let 5*0 = {pi, . . . ,Pr} be a given finite set of primes and consider the 
ergodic F-action on the compact profinite group K — Yip^So PSL„(Zp). 
Wc denote H = Ylpeso PSL„(Qp) and A = PSL„(Z[5-i]) CH. Then A 
is a dense countable subgroup of locally compact totally disconnected 
group H and T = An K. 

Following Gefter [7] we first observe that Out Rk,t contains H. In- 
deed restricting the type Hqo relation R^^^a to K we obtain a type IIi 
relation Rk,t = Rh,a r\ {K x K) and 

Out R^.r = Out Rh,a 2 A(//, A) ^ H 

using the straight forward Hoc-type generalizations of Lemmas 2.2, 
2.3(a) and the remark following 7.2 respectively. 

We need to find explicit representatives e Aut R;^_r for h E H, 
so that h 1-^ [T/j] is the above imbedding. Since K is open and A is 
dense in H, given any h E H, there exist Aq G A and ko e K so that 
h — Xoko- The maps 

Th : X ^ xh, and T|^ : x ^ X^^xh, {x e H) 

are in Aut Rh,a and [Th] — [T^] ^ Out Rh,a- Denoting the open com- 
pact subgroup Ao-f^Ao ^ (1 K hy Ki, note that 

fl^{Ki) c K because fl^{x) = Xo^xXoko e {Xo^KiXo)ko C K 

Thus ioT x,y E Ki we have 

{x, y) e R^,r = RhAk iff {U{x)X{y)) e Rh,a\k = Ri^.r- 

Therefore T^li^i is a restriction of some Th e Aut RK,r: with its outer 
class [Tfi] e Out Rk^t being uniquely defined by the initial h e H. 
Denoting Fi := AqFAq ^ n F a finite index subgroup of F which is dense 
in Ki , we observe that the restriction of the rearrangement cocycle 
to Fi X Ki is 

(71,^1) = AqSi-^o (71 G Ti, a.e. xi e Ki) (9.1) 

The automorphism 71 1— Ag^7iAo of the lattice Fi C G extends to 
an inner (given by Aq G G) automorphism of G, so in terms of the 
Standard Quotients Theorem 4.2 the class [r] e OutG associated to 
such [T/i] e Out Rk,v is always trivial. On the other hand the transpose 
map To : {ki, . . . , kr) ^— {k\, . . . , kl) which is clearly in Aut RK,r defines 
the unique outer element [r] e Out G (take T{g) = {g^)~^)- One easily 
checks that the group generated by [To] and [Th], h ^ H, in Out RK,r 
is Z/2-extension of H. 
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We shall now prove that the latter group is all of Out RK,r- Take 
any [T] e Out RK,r- Possibly composing with Tq we may assume that 
[r] e OutG = Z/2 associated with [T] is trivial, and will show that 
such [T] is [Th] for some h E H. Applying the Standard Quotients 
Theorem we may take r to be the identity on G. Since {K, T) cannot 
have (G/r, mG/r,r) among its measurable quotients, we deduce that 

(1) There exists a finite F-orbit F = {giT, . . . , gkV} C G/T, and a 
measurable F-equivariant map tt : X — > F with 

7r(7x) = 77r(x) (7 G F, x E K) 

Let Fj = TngiTg^^ , i = 1, . . . ,k - these are conjugate subgroups 
of index k in F; the sets Xj = Tr^^d^^jF}) C K are Fj-invariant 
and ergodic measurable subsets with //(Xj) — 1/k; ii Ki is the 
closure of Fj in K then Xi — KiUi (mod 0) - cosets of Ki-s; 
as the latter are open and compact subsets of K we obtain an 
open partition into disjoint sets which we still denote by Xj. 
Up to reordering we may assume that Xi contains the identity 
of i.e. Xi = Ki. 

There exists f e Aut R^^r with [f\ = [T\ e Out R^^^r so that 
q;^(7i,Xi) = fi'rSifl'i (71 e Ti, xx e Xi). 

Note that the last formula resembles (9.1). Property (1) means that 
gi e CommG(F) = PSL,(Q). 

Claim 9.1. gi e A = FSK{Z[S-^]). 

Proof. Let us expand the notations slightly: for an arbitrary finite set 
S of primes let 

Ks = nPSLn(Zp), A5 = PSL„(Z[5-i]) 

pes 

and let fis denote the normalized Haar measure on Ks- We shall denote 
by Fi the closure of the index k subgroup Fi = F fl giTg^^ C F in 
Ks- The Fi-crgodic component Xi G K = Ksq is a coset of the open 

compact subgroup Fi' " of K and by (2) 

l^^lix^)^^lso(rl'°). 

Let 5*1 be the set of primes appearing in the denominators of gi e 
PSL„(Q), i.e. 5*1 is the smallest set of primes (possibly empty) such 
that gi e As^. 
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It follows from the Strong Approximation Theorem that if 5 = S'L\S" 
is a disjoint union of two finite sets of primes, then 

= r/ X r^'" C Ks' X Ks" = Ks, 

and T\^" = Ks" if and only if ^ n^i = 0. On the other hand if Si C S' 
then it is easy to see that 

5/ 1 1 

Writing 5* = U = U ^2 where 82 = Si \ Sq we have 

So /U52(ri ) = 1- that is Fi — Ks^, which means that S2 — and 
5*1 C 5*0 as claimed. □ 

Having proved that gi G A, we recall that by (3) the original T G 
Aut RK,r can be replaced by T with [T] = [T] e Out Rx,r so that 

f{jixi)^g^'^igif{xi) (9.2) 

for all 71 e Fi and //-a.e. xi e Xi. We have also made sure that 
Xi^Ki- the closure of Fi = F n yiF^f ^ in K. 

Claim 9.2. T'(A;) = g^^kg\Z\ for some fixed zi E K and a.e. k E Ki. 

Proof. The map 71 ^ g^^ligi is an isomorphism between finite index 
subgroups Fi — > F'^^ := g^^Tgifir of F. It extends to an isomorphism 
Ki K[ between open compact subgroups of K, where K[ is the 
closure of F; in K. (Note that = KdgiKg^^ and K[ = g^^KginK 
as subsets of H). 

Let X[ = f{Xi) C K. In view of (9.2), X[ is one of the F^-ergodic 
components of Xi, and therefore is a single X^-coset, X[ — K[y for 
some y E X[. Let R : Ki ^ Ki he the composition of the following 
maps 

Ki^Xi^X[^K[^ Ki R{k) = g{t{k)y-'g^\ 
In view of (9.2) we have for all 7 G Fi and //-a.e. k E Ki: 

Rink) = g,g^'^g,f{k)y-'g^' = ^R{k). 

Since Fi is dense in the compact group Ki, we have R{k) = kkg for 
some fixed ko e Ki and a.e. k e Ki (see Proposition 7.2 and the 
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following Remark). This allows us to compute 

= g^^kkogiy = g'^^kgxZi where zi = {gi^kogi)y e K. 

□ 

Taking h = giZi E H we observe that the map e Aut Ri<:,r, 
discussed in the first part of this section, agrees with T on a positive 
measure subset Ki C K, and therefore (as in the proof of Lemma 2.2) 

[T] = [f ] = [n] e Out RK,r 
which completes the proof of the Theorem. q 
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